A Tutorial on Implementing Kalman Filters with
Commonly Used Blocks

Tiago Davi Curi Busarello
Depart. Control, Automation and Computation Engineering
Federal University of Santa Catarina - UFSC
Blumenau, Brazil
ORCID 0000-0002-5406-3811

Abstract—Kalman filters are a mature and widely used
technology in the field of engineering. However, its
implementation is sometimes not trivial and usually not well
explained in scientific papers. This paper presents a tutorial on
implementing Kalman filters with commonly used blocks, that
are sum, product, unit delay and zero order holder. The main
objective of this tutorial is to make a clear understanding of the
Kalman filter algorithm. A brief review on averaging filter is
first presented to support the understanding of the Kalman
filters. Later, the Kalman filter algorithm is carefully described,
step-by-step, and its block implementation is described. The
simulation made by the blocks is then uploaded in a physical
digital signal processor, TMS320F28335, through the
Matlab/Simulink and simulation and experimental results show
the efficacy of this tutorial. Therefore, this tutorial helps
engineering designers who need a simple, fast, accurate and an
easy-to-use implementation of Kalman filters.

Keywords—Kalman, Digital Filters, Tutorial, Algorithm, error
covariance, varying weight, prediction, estimation.

I. INTRODUCTION

Kalman filters are found in almost every field of
engineering. Their applications can make a system to perform
tasks that would be impossible with other kind of filters. The
most common applications of Kalman filter is in scenarios
where the input data varies dynamically and there is a need to
estimate accurately the tendency of the input data. Design
Thinking is an educational technique in scaffolding Problem
Based Learning (PBL) experiences where students get
involved in the project, and acquire several practical and
interdisciplinary abilities. Kalman filters expand the
mathematical and engineering perspectives of engineering
students.

A variety of books describe Kalman filters [1]-[7]. They
describe the theory behind the Kalman filter, how it was
derived and features that require a strong background in math.
These books have their legitimacy and efficacy. Due to the
maturity of the Kalman filter, a clear understanding of its
implementation algorithm may be sufficient to employ such
filter in engineering applications. Phil Kim [8] describe in his
books how to implement the Kalman filter algorithm without
giving much attention to the theory. The book is easy to follow
and it contains Matlab scripts with C- code to implement
Kalman filters. However, the environment of the applications
is only computational.

Scientific papers with engineering applications that
employ Kalman filter hardly describe details, particularly
because usually those papers focus on the engineering
problem and solutions, and not really on the working cogs of
the Kalman filter algorithm, making the assumption of a
black-box or toolbox, which is possibly true only for the
purpose of the scientific application. The objective of our
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paper is to clarify the implementation of a Kalman filter, using
simple mathematical assumptions, a clear block diagram and
allow engineering students and practicing professionals to
apply Kalman filtering for many other uses.

Applications using Kalman filter, but not giving the
desired attention to it, are constantly being presented in the
literature [9]-[19].

In [9] the paper discusses a linear-quadratic-Gaussian/loop
transfer recovery procedure using reduced-order Kalman
filters by extending known exact-recovery result. The state-
space realization commonly used for reduced-order observer
design is employed. The zero-structure intrinsic to the
realization is revealed. In [10] the authors investigate an
adaptation of the high-gain Kalman filter for nonlinear
continuous-discrete system with multirate sampled outputs
under an observability normal form. The paper proved that the
global exponential convergence of the observer through the
existence of bounds for the Riccati matrix. It is also showed
that, under certain conditions on the sampling procedure, the
observer’s asynchronous continuous-discrete Riccati equation
is stable.

In [11] the paper proposes a noninvasive Permanent
Magnet Temperature (PMT) estimation approach based on the
Permanent Magnet Synchronous Machines steady-state
equation and using Kalman filter. First, a linear temperature
model, dependent solely on the PMT, is derived from the
steady- state equation and the PMT model. Thus, the PMT can
be directly estimated from the measurements using the derived
linear model. In order to improve the estimation performance,
a linear state-space model was developed based on the derived
model and the Kalman filter was employed for PMT
estimation.

In [12] the authors propose an implementation of
generalized regression neural network as an alternative to this
traditional received signal strength indicators-based approach,
to obtain first location estimates of single target moving in 2-
D in wireless sensor networks, which are then further refined
using Kalman filtering framework.

There are also some researches that proposed
modifications and improvements in the Kalman filter
algorithm [20]-[23]. In [20] an inverse free Kalman filter is
proposed. The inverse of innovation covariance matrix
required in the update step of the Kalman filter is
approximated using Taylor series expansion. The approximate
inverse has a closed form expression in the elements of the
original matrix. In [21] the authors studied the cascade of a
global nonlinear observer with the linearized Kalman filter,
where the estimate from the nonlinear observer is an
exogenous signal only used for generating a linearized model
to the Kalman filter. It was shown that the two-stage nonlinear
estimator inherits the global stability property of the nonlinear



observer, and simulations indicate that local optimally
properties similar to a perfectly linearized Kalman filter was
achieved.

All the above researches use Kalman filters supposing that
the readers have deep knowledge in this field. This is not true
for the majority of readers. In this case, the reader needs to
stop to study Kalman filter and return to the researches for a
clear understand. However, this interruption usually takes a
long time due to the complexity of the books in explaining
Kalman filters. This even may discourage the reader to
continue reading those researches. The literature lacks of a
basic tutorial on implementing Kalman filters.

In this context, this paper presents a tutorial on
implementing Kalman filters with commonly used blocks.
The main purpose of proposing a tutorial like this is to allow
readers clearly understand Kalman filters. Without much
knowledge in optimization math and programming, a reader
is able to understand and implement Kalman filters through
this tutorial. A brief review on averaging filter is first
presented to support the understanding of the Kalman filters.
Later, the Kalman filter algorithm is carefully described, step-
by-step, and its block implementation is explained. The
simulation made by the blocks is then uploaded in a physical
digital signal processor, TMS320F28335, through the
Matlab/Simulink and simulation and experimental results
show the efficacy of this tutorial. Therefore, this tutorial helps
engineering designers who need a simple, fast, accurate and
an easy-to-use implementation of Kalman filters.

II. AVERAGING FILTERS

This section presents a short background on averaging
filter. Its understanding is necessary to later understand
Kalman filters. There are three basic types of averaging filter,
as described in the following subsections.

A. Average Filter

The average filter is the most basic structure of a filter
which computes the average value of an input signal. The most
common applications of average filter are in noise filtering.
The average filter consists in computing the average value of
a certain amount of input data. The discrete time-domain for
the output of the average filter, written in a recursive way is
given by:

_ k-1_ 1
X = 7 Xk-1 T 3 Xk (D

where £ is the amount of data in the input signal.
Three points must be highlighted in this kind of filter:

. The output is merely the average value of all k£ values
available in the input signal;

. When a new value of & comes into the filter, the
average is computed again taking into account the new
amount of values;

. All samples have the same weight, which is equal to
1/k

B. Moving Average Filter

The average filer described in the previous subsection is
not sufficient for dynamic variations in the input signal. On
the other hand, the moving average filter is able to track such

variations. The moving average filter does not compute the
average taking into account all k values of the input signal, but
a limited and recent values. The discrete time-domain for the
output of the moving average filter for a certain amount of n
is given by:

Ek = Ek—l + _Xk_rxlk_n (2)

where 7 is chosen according to design requirements.

A drawback of this filter is that all samples have the same
weight, which is equal to 1/n.

C. Exponential Average Filter

Having the same weight for all samples is not attractive
because the filter may not track dynamic variation of the input
signal in a satisfactory manner. The exponential average filter
appears to overcome this inconvenience. The discrete time-
domain for the output of the exponential average filter is given
by:

Ek = afk_l + (1 - a)xk (3)

where o is a constant 0 < o < 1 and it defines the weight of
the samples. The value of « may be chosen randomly. Notice
that depending on the value of @, the newest value of the input
signal, in this case the xi, can be higher or lower weight
compared to the previous output signal x-;.

III. KALMAN FILTER ALGORITHM

Fig. 1 presents the Linear Kalman Filter Algorithm. The
algorithm consists of performing five steps. The first step is
just the definition of initial values. The second step is the
computation of state prediction and covariance error. The third
step is the computation of the Kalman gain while the fourth
step is the estimate calculation (calculation of the output).
Finally, the fifth step is the calculation of the covariance error.
The algorithm has a loop which connects the fifth step to the
second.

Step 1: Initial Values

X0, Po

|
}

Step 2: Prediction of the state and the covariance error

X = AR

P; = AP, AT +Q

l

Step 3: Computation of the Kalman Gain

K, = Py HT(HP; HT + R)™*

Step 4: Computation of estimative (output)

Estimate
(output);

Measurement

(nput): z¢ )’C\k = f; + Kk(zk —H)’C\];)

\

Step 5: Computation of covariance error

Pk = Pk_ - KkHPk_

Fig. 1. The Linear Kalman Filter Algorithm.




IV. UNDERSTANDING THE KALMAN FILTER ALGORITHM

The linear Kalman filter algorithm has several variable,
described as follows:

A. Input zx (measurement)

The Kalman filter can be simplified drawn as shown in
Fig. 2. The reason for presenting the Kalman filter in this way
is just to emphasize that the filter has one input and one output.
This is valid independently of the order of the filter. However,
the input of the Kalman filter is not called input, but
measurement. The variable used for the measurement is zx. By
looking at Fig. 1, the measurement z; is used only in the fourth
step.

Kalman Filter o

Zf—> (Fig. 1) — X

Fig. 2. Simplified diagram of the Kalman filter.

B. Output %), (estimate)

Similar to the input, the output of a Kalman filter is not
called output, but estimate. This is due to the fact the output
of the filter is actually an estimate of the real output. The
variable used for the estimate is X, . The estimate is the result
of'the fourth step. The prior estimate is defined as X _;, which
is the estimate calculated in the previous loop of the algorithm,
and it is used in the second step. Notice that the variable X}
that appears in the second and fourth step is not the estimate,
but the prediction of the estimate. The prediction of the
estimate will be described later.

C. Model of the System

The variables 4, H, Q and R are matrices that describe the
model of the input signal. These matrices are used along the
algorithm. Discussion about the model of the system will also
be described later.

D. Variables for internal calculation
The following variables are used for internal calculation in
the algorithm.

* X : state prediction

«  P,: covariance error prediction
e Py covariance error
* K;: Kalman gain

where the superscript - means prediction.

V. IMPLEMENTING THE KALMAN FILTER ALGORITHM USING
CoMMONLY USED BLOCKS

A. Initial values: Step 1 of the algorithm

Step 1 is just the definition of the initial values for the
estimate and for the covariance error, described by:

X0, Po “4)

Fig. 3 presents the implementation of step 1 with
commonly used blocks, valid for a second order Kalman filter.
For other orders, the implementation would be similar, but
with the matrix dimension accordingly. Descriptions about the
matrix dimensions are presented in section VI. The initial
values for the estimate X are constant values of a 2x/ matrix.

The number between parenthesis right after the variable name
indicate the row and the column of the matrix. The Xo(;,1)
indicates the initial value for the first row first column of the
estimate matrix and so on. The initial values for the covariance
error Py are a 2x2 matrix with constant values. The initial
values for the matrices are defined by a step source. This
source varies from the initial value to zero in a short period of
time, usually the time equivalent to a single sampling period.
Later, all the initial values are used in the steps 4 and 5. All
initial values are drawn with "goto" routing tag.

Gl [T
Step 1 Step 3
I I
Step 2 Step 4
I
Step 5
I
Step 6

Fig. 3. Implementation of Step 1 with commonly used blocks.

B. Matrices of the system model

Step 2 of the algorithm uses matrix 4 and its transposed
AT. These matrices are 2x2. Fig. 4 presents the block
implementation of matrix 4 and its transposed. The square
box are constants. All elements of matrix 4 and its transposed
are connected to "goto" routing tag. The letter ¢+ means
transposed.

Matrix A Matrix A Transposed
aun > [aay] | | lagn] > [af(u)]l
A12) l912)]
) l4c)
e} Taz)

Fig. 4. Block implementation of matrix A and its transposed A7 .

Fig. 5 presents the block implementation of matrix H and
its transposed HT. These matrices are Ix2 and 2xI,
respectively.

Matrix H Matrix H Transposed
ha » [ha)l | | [21)] > [ht ()] |
haz [012] [712)] [/ 21)]

Fig. 5. Block implementation of matrix H and its transposed H”

Fig. 6 presents the block implementation of matrices Q and
R. The matrix Q is 2x2 while matrix R is Ix].



Matrix Q Matrix R
i1y Y1y [Re11)]
412 > [901] |
a0y
q22 [922]

Fig. 6. Block implementation of matrices Q and R.

C. State and covariance error prediction: Step 2 of the
algorithm

Step 2 of the algorithm consist of two parts. The first is the
computation of the state prediction, given by:

Ry = AR, 5)

The computation of the state prediction is just a product of
matrix A and the previous estimate. Fig. 7 presents the block
implementation of the first part of step 2 of the algorithm. The
product is implemented with routing tags. Matrix 4 tags come
from Fig. 4. The previous estimate will be presented later, but
it is used in the product and it appears as X(;jy prior- Matrix A
is 2x2 while the previous estimate matrix X,_; is 2x/.
Therefore, the result is a 2x/ matrix, called xp.

Fig. 7. Block implementation of the first part of step 2 of the algorithm.

The second part of step 2 is the computation of the
covariance error prediction, given by:

P =AP,_,A" + Q (6)

The covariance error is implemented with commonly used
blocks splitting (6) into three subparts. The first subpart is the
product of matrices 4 and P;-;. Fig. 8 presents the block
implementation of the first subpart of the second part of step
2. The result of this subpart is a 2x2 matrix, called AP.

[T x |6
[

lany]
Ge o>

[TazT>—{ x|
[

e

e e

Fig. 8. Block implementation of the first subpart of the second part of step
2.

The second subpart is the product of AP with matrix 4
transposed A”. Both matrices are 2x2, so the result of the
product is also a 2x2 matrix, called 4PAt. Fig. 9 presents the

block implementation of the second subpart of the second part
of step 2.

Fig. 9. Block implementation of the second subpart of the second part of
step 2.

The third and last subpart consist of adding the 4PA¢
matrix with matrix Q. Both matrices are 2x2, resulting also in
a 2x2 matrix, called Pp. Fig. 10 presents the block
implementation of the third subpart of the second part of step
2.

PPA >~ Pol]  [BPA)> ) =< o]
(2D 2D

[APAto >, Prool | [APAL >, )< Ppeo] |

Fig. 10. Block implementation of the third subpart of the second part of step
2.

D. Computation of the Kalman gain: Step 3 of the
algorithm

The third step of the algorithm is the computation of the
Kalman gain, given by:

Ky = P H"(HP;H" + R)~! (7)

The block implementation of (7) begins with the
expression within the parenthesis, which is composed of the
sum of two terms. The first term of the sum is the product of
three matrices. Fig. 11 presents the block implementation of
the first term of the sum within the parenthesis of (7). Notice
that the result of this term is a /x/ matrix, called HPpHt.

[EPpo]>—{ x|
[T

Fig. 11. Block implementation of the first term of the sum within the
parenthesis of (7).

Fig. 12 presents the block implementation of the
remaining parts of (7). The HPpHt is summed to matrix R.
The result is a /x/ matrix. Therefore, the inversion of this
matrix is just a division, appeared in the product-division



block. The result of step 3 of the algorithm is the 2x/ matrix

K,
[FrHias) [Kep]

Fig. 12. Block implementation of the remaining parts of (7).

The Kalman gain has an important role in the Kalman
filters. Its value defines the weight of the new sample and the
previous estimate. Every loop of the algorithm, a new Kalman
gain is computed and the weight of the samples are updated.
This capability of adjusting the weight of the sample is what
makes the Kalman filter so attractive for scenarios where the
input signal changes dynamically.

E. Computation of the estimate (output): step 4 of the
algorithm

The fourth step of the algorithm is the computation of the
estimate. In this step, the measurement (input) is used. The
estimate computation is given by (8). The estimate is
computed using its prediction, computed in step 2, the Kalman
gain and the matrix H.

X = X + K(z — HRY) (3

Fig. 13 presents the block implementation of the
expression within the parenthesis of (8). The measurement is
highlighted for better emphasis of the input. The result of such
expression is a /x/ matrix, called zHx.

| [z] |zHx (1)
(2] X
A
[712)] X
A
[xPe2)]

Fig. 13. Block implementation of the expression within the parenthesis of

®).

Fig. 14 presents the block implementation of the
remaining parts of (8). The estimate is a 2x/ matrix and it is
highlighted to show the output of the Kalman filter. There are
two points that deserve attention in this figure: (i) the initial
values defined in step 1 of the algorithm are used here. The
initial values are summed to the current signal. This is the
reason the initial values are defined as step sources varying
from the defined initial value to zero in a sampling period. So,
the initial value has effect only in the first loop, as expected
and (77) the estimate passes through a unit delay block, creating
the previous estimate which is used in step 2 of the algorithm.

[Xap]

[x (11 jriar]

(X2l

[x 21 jriar]

Fig. 14. Block implementation of the remaining parts of (8).

Before presenting the step 5, it is interesting to take a
different look at (8). Eq. (8) can be written as showed in (9).

X = U — KeH)X + Ky 2y, 9

where 1 is the identity matrix. The reason for presenting the
estimate in this way is to show the similarity with the
exponential moving average filter, given by (3) and repeated
here as (10).

Ek = afk_l + (1 - a)xk (10)

While the exponential moving average filter has a fixed
weight of the new sample and the previous output and chosen
by empirical manner, the Kalman filter has the weight of the
new sample and the previous output decided mainly by the
Kalman gain, computed in every loop of the algorithm. This
shows the superiority of the Kalman filters over moving
average filters.

F. Computing the covariance error: step 5 of the algorithm

The last step of the algorithm is to compute the covariance
error. This is required to check if the prediction of the
covariance error, computed in step 2, was correctly calculated,
making the Kalman filter reaches a satisfactory behavior with
minimum error.

The covariance error is given by:
P, = P, — K HP, (11)

Notice that the computation of the covariance error uses
the Kalman gain as well as the matrix H and the prediction of
the covariance error. Fig. 15 presents the block
implementation of the product of the Kalman gain and the H
matrices. The result of this product is a 2x2 matrix, called KH.

Fig. 15. Block implementation of the product of the Kalman gain and the
H matrices.

Fig. 16 presents the block implementation of the KH
matrix with the prediction of the covariance error. The result
of this product is also a 2x2 matrix, called KHPp.



Fig. 16. Block implementation of the KH matrix with the prediction of the
covariance error.

Fig. 17 presents the block implementation of the
remaining parts of (10). Notice that the two previous
calculated matrices are used in this part. Additionally, the
initial values for the covariance error are also used. Similar to
the initial values of the estimate, the initial values of the
covariance error are summed to the current signal. The result
of this step is a 2x2 matrix, which is the previous covariance
error, used in step 2 of the algorithm.

Foad>—)
[Bra>—¢)
]

Ut Delay
[KHPp,;

Fig. 17. Block implementation of the remaining parts of (10).

VI. SYSTEM MODEL AND MATRIX DIMENSION

The Kalman filter algorithm uses matrices that belong to
the system model, i.e. it is necessary a mathematical modeling
for the process to have their estimation and forecasting.
Therefore, the behavior of the Kalman filter is strongly
dependent of the system model. The model of the system must
describe the input signal accurately, otherwise the Kalman
filter may not work as expected. Actually, the main reason for
an unsuccessful implementation of Kalman filter is due to
inaccuracy of the model system. This section describes how
the system should be described in order to correctly use the
Kalman filter.

The system model must be described as:

{)'Ck = Axk + Wi

Zy = Axk + (%% (12)

The matrices @ and R are defined as:
Q = covariance matrix of wy, diagonal matrix (n x n)
R = covariance matrix of v, diagonal matrix (mx m

The definition of each variable of (11) and (12) and its
dimension is given as follows:

X, = state variable,(n x 1)
7, = measurment (m x 1)
A = state transition matrix (n x n)

H = state to measurment matrix (m x n)

wy, = state transition noise (n x 1)

v, = measurment noise (mx 1)

VII. SIMULATION AND EXPERIMENTAL RESULTS

A second order Kalman filter implemented with
commonly used block was verified through simulation and
experimentally in the Digital Signal Processor (DSP)
TMS320F28335. The DSP was programmed through
automatic code generation in Simulink. The automatic code
generation means that the Simulink build, load and run the
DSP converting the simulation made by blocks into code. The
simulation and experimental results are placed side-by-side
for the sake of comparison and also to show the efficacy of
this tutorial for both simulated and experimental
environments. The Digital-to-Analog Converter (DAC)
MCP4922 was used to measure digital variables in the
oscilloscope. Due to the range of the input voltage in the DAC,
the signal amplitudes and offset had to be adjusted to be
visualized in the DAC. Table I presents the system parameters
used in the simulation and in the experimental verification.

TABLE L SYSTEM PARAMETER USED IN THE SIMULATION AND IN
THE EXPERIMENTAL VERIFICATION
Parameter Value
. — 71 0.001
Matrix A A= [ 0 1
Matrix H H=[1 0]
. 1 0
Matr =
atrix Q Q [ 0 3
Matrix R R =[10]
. A ~ _[O
Matrix X, Xo = [2 0
. (1 0
Matrix P, Py = 0 1]
Sampling frequency 10 kHz

The input signal of the Kalman filter is a sawtooth
waveform varying from 0 to 1000 with period of 10 seconds
and polluted with noise. Fig. 18 presents the measurement z
(input) and the estimate X (output) of the Kalman filter. This
result shows the ability of the Kalman filter to follow the input
signal.

Fig. 19 presents the measurement and the estimate in
details during the transition of the measurement signal. The
estimate rapidly tracks the measurement signal, taking
approximately 2 ms to reach the new value.

In order to show the efficacy of the Kalman filter
implemented with commonly used blocks, the measurement
signal was applied as input signal of an IIR and a FIR low-
pass filter. This comparison shows the behavior of these three
types of filter.

Figure 20 shows the measurement signal and the output
signal of an IIR filter. The response of the IIR filter is
oscillatory and takes approximately 40 ms to reach the final
value.
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Fig. 18. The measurement z; (input) and the estimate X (output) of the Kalman filter.
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Fig. 19. The measurement and the estimate in details during the transition of the measurement signal.
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Fig. 20. The measurement signal and the output signal of a IIR filter.
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Fig. 21. Measurement signal and the output signal of a FIR filter.



Fig. 21 presents the measurement signal and the output
signal of a FIR filter. The response of the FIR filter has some
oscillation and it is slow, taking approximately 5 ms to reach
the final value.

Fig. 22 presents the two estimates (outputs) of the Kalman
filter. The upper signal is the derivative of the signal showed
in the central.
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CH3 1.00v 3=Jul=19 15:21

Fig. 22. Measurement signal and the two estimates (outputs) signals of a
Kalman filter.

VIII. CONCLUSIONS

This paper presented a tutorial on implementing Kalman
filters with commonly used block. A second order Kalman
filter was implemented with blocks of sum, product, unit delay
and zero order holder. The main objective of this tutorial was
to make a clear understanding of the Kalman filter algorithm.
A brief review on averaging filter was first presented to
support the understanding of the Kalman filters. Later, the
Kalman filter algorithm was carefully described, step-by-step,
and its block implementation is described.

The block implementation of the Kalman filter was
verified experimentally in the DSP TMS320F28335. The
automatic code generation of Simulink was used to build, load
and run the blocks in the DSP. Experimental results showed
the efficacy of this tutorial. Therefore, this tutorial helps
engineering designers who need a simple, fast, accurate and
an easy-to-use implementation of Kalman filters. The
simulation files used in this paper will be freely available on
the author’s webpage http://busarello.prof.ufsc.br.
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